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Abstract
We answer a question proposed by Hartshorne about the Lazarsfeld–Rao property for even
Gorenstein liaison classes.
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1. Introduction
Liaison theory has been a very active area of research during the last decades.
While liaison theory for subschemes in PN of codimension 2 is well understood, the
problem of generalising this theory to higher codimensional schemes is still an open
problem. Thanks to the research done during the last years (see [4–7,11–14]), it seems
likely to think that Gorenstein liaison (i.e. linking schemes by means of arithmetically
Gorenstein schemes) has chances to be a good generalization of the so well-understood
complete intersection liaison theory of codimension 2 schemes. Notice that arithmeti-
cally Gorenstein schemes and complete intersection schemes coincide when we restrict
to codimension 2 subschemes of PN , so Gorenstein liaison and complete intersection
liaison de?ne the same equivalence relation in codimension 2. In this paper, we focus
our attention on the following problem:
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Problem 1. Find a good structure for any even Gorenstein liaison class (not contain-
ing artihmetically Cohen–Macaulay schemes).
It is known that any even complete intersection liaison class of codimension 2 sub-
schemes of PN , L (not containing arithmetically Cohen–Macaulay schemes), has the
Lazarsfeld–Rao property (see [1]). This property is based on the existence of minimal
elements in L and roughly speaking it says that “(a) any minimal scheme in L can
be obtained from another minimal scheme in L by a Gat deformation of schemes all
of them minimal” and “(b) any non-minimal scheme in L is obtained from a minimal
scheme in L by basic double links and a certain type of Gat deformation”.
One would like to have a similar structure for even Gorenstein liaison classes of
schemes of codimension ¿ 3. Recent results show that if such a structure exists, at
least it cannot be stated as the Lazarsfeld–Rao property. Indeed, Migliore gave an
example of two minimal schemes in the same even Gorenstein liaison class which
have diIerent degree (see [16, Example 5.4.8]). Thus, it is clear that there does not
exist a Gat deformation between any two minimal schemes in a ?xed even Gorenstein
liaison class, i.e. property (a) does not hold. However, as Hartshorne suggests in [10],
one could restrict to minimal schemes having the same Hilbert function and ask (see
also [10, Question 1.7]):
Question 2. Let L be an even Gorenstein liaison class (not containing arithmetically
Cohen–Macaulay schemes) and let X; Y ⊂ PN be any two minimal schemes in L hav-
ing the same Hilbert function. Do X and Y belong to the same irreducible component
of the corresponding Hilbert scheme? or, equivalently, is there a :at deformation from
one to the other?
In this paper we consider this problem and, up to our knowledge, we give the
?rst negative answer to Question 2. The referee has pointed out to us that recently
Lesperance has also given a negative answer to Question 2.
Other authors have been interested in answering Question 2. In [11] Hartshorne has
proved that the answer to Question 2 is aLrmative when L is a Gorenstein liaison
class of curves in P4 with de?ciency module ∼= K (being K the ground ?eld). In this
direction, Hartshorne has proved in [10] that there exist arithmetically Cohen–Macaulay
curves in P4 in the same Gorenstein liaison class and having the same Hilbert function
but lying on diIerent irreducible components of the corresponding Hilbert scheme (we
want to point out that this does not answer Question 2 negatively because it has no
sense to consider minimal schemes in a Gorenstein liaison class that contains arith-
metically Cohen–Macaulay schemes). On the other hand, Lesperance has given some
examples of curves in P4 having the same Hilbert function and isomorphic de?ciency
module but not lying on the same irreducible component of the corresponding Hilbert
scheme (see [14] and notice that the author has not proved that these curves lie in the
same even Gorenstein liaison class). In order to prove that the curves we consider are
in the same Gorenstein liaison class, we have put these curves as divisors on rational
normal scrolls and we have used the tools that the authors of [12] have introduced for
the study of Gorenstein liaison of divisors on arithmetically Cohen–Macaulay schemes.
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It is still an open question whether even complete intersection liaison classes of
schemes of codimension ¿ 3 have a structure that can be stated as the Lazarsfeld–Rao
property.
Throughout this paper, PN will be the N -dimensional projective space over an al-
gebraically closed ?eld K of characteristic zero. By a subscheme V ⊂ PN we mean
an equidimensional closed subscheme. We refer to the book of Migliore [16] for the
de?nition of Gorenstein links (brieGy G-links), elementary G-biliaisons and background
on Gorenstein liaison (brieGy G-liaison).
2. On the Lazarsfeld–Rao property
It is known that the de?ciency modules of a scheme X , Mi(X )=
⊕
t∈Z H
i(PN ;JX (t))
for i = 1; : : : ; dim X , are invariants (up to shift) in the even G-liaison class of X [16,
Theorem 5.3.1]. So if L is an even liaison class (either G-liaison class or complete
intersection liaison class) of non-arithmetically Cohen–Macaulay schemes, we can asso-
ciate to L a collection of modules of ?nite length {M1; : : : ; Mr} unique up to shift. By
[16], Proposition 1.2.8 there exists a maximum d for which there exists some X ∈L
with Mi(X ) =Mi(d) (i.e. a leftmost shift).
De nition 2.1 (see Migliore [16, De?nition 5.4.1]). Let L be an even liaison class
of non-arithmetically Cohen–Macaulay subschemes of PN . We denote by L0 the set
of schemes in L whose con?guration of de?ciency modules coincide with the left-
most possible one among the elements of L. The elements of L0 are called minimal
schemes or minimal elements of L.
Let V0 ∈L0, then for any h¿ 1 we denote by Lh the set of schemes X ∈L
satisfying Mi(X ) =Mi(V0)(−h), so L=
⋃
h¿0 L
h.
Now we come to the de?nition that describes the structure of even liaison classes
of codimension 2 schemes:
De nition 2.2 (see Bolondi and Migliore [2]). Let L be an even complete intersec-
tion liaison class of non-arithmetically Cohen–Macaulay subschemes of PN . We say
that L has the Lazarsfeld– Rao property or LR-property if the following conditions
hold:
(a) If V1; V2 ∈L0 then there is a Gat deformation from one to the other through
subschemes all in L0.
(b) Given V0 ∈L0 and V ∈Lh (h¿ 1), there exists a sequence of subschemes
V0; V1; : : : ; Vt such that for all i; 16 i6 t; Vi is a basic double link of Vi−1
and V is a Gat deformation of Vt through subschemes all in Lh.
It is known that this property holds for any even liaison class of schemes of codi-
mension 2 (see [15,1]). However, this property does not hold for G-liaison classes of
codimension ¿ 3 as we said in the introduction. Hartshorne suggests to change (a) by
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(a′): if V1; V2 are any two minimal schemes having the same Hilbert function, then
there exists a Gat deformation from V1 to V2 (see Question 2). In Theorem 2.4 we
give a negative answer to this question.
Our main result is based on previous results of the authors about G-liaison classes of
divisors on rational normal scrolls. We use the notation on rational normal scrolls intro-
duced in [8]. We recall the following result of the authors in [6] (we say that n linear
varieties L1; : : : ; Ln ⊂ PN of dimension dim Li=di are independent if 〈L1∪; : : : ;∪Ln〉 ∼=
P di+n−1.):
Proposition 2.3. Let V =
⋃n
i=1 Li; V
′ =
⋃n
i=1 L
′
i with n¿ 2, be two unions of n inde-
pendent linear varieties of dimension d¿ 1 in PN . Then, V and V ′ are in the same
even G-liaison class and V ′ can be obtained by elementary Gorenstein biliaisons
from V .
Proof. The proof is the same proof as [6, Theorem 3.5]. Since we will apply this
proposition in the case n= 2 below, we reproduce the proof here in this case.
Let V =L1
∅∪L2 and V ′=L′1
∅∪L′2 two unions of disjoint lines in PN ; N¿ 3. We can
?rst assume that V ∩ V ′ = ∅ because otherwise we can consider a third union of two
skew lines V ′′ = L′′1 ∪ L′′2 that satis?es this condition with respect to both V and V ′.
If V and V ′ lie in the same P3, then we are done by Rao’s theorem and Hartshorne’s
result [9, Proposition 4.4].
We consider now the case where V and V ′ lie in the same P4 (in other words,
V ∪ V ′ spans a linear space of dimension 4, 〈V ∪ V ′〉=P4). In this P4 we consider a
rational normal scroll S= S(1; 2) of degree 3 containing L1 ∪L2 ∪L′1. Since the divisor
L1 + L2 is linearly equivalent to L′1 + L2 on S, by Corollary 5.14 from [12] we have
L′1 ∪ L2 is obtained from L1 ∪ L2 by an elementary G-biliaison of height 0. Now we
consider a rational normal scroll S ′ = S(1; 2) containing L′1 ∪ L′2 ∪ L2 and arguing as
before we have that L′1 ∪ L′2 is obtained by an elementary G-biliaison from L′1 ∪ L2.
Hence, V ′ is obtained by two elementary G-biliaisons from V .
If V ∪V ′ spans a linear space of dimension ¿ 4, then we consider a line L′′1 joining
〈L1 ∪ L2〉 and 〈L′1 ∪ L′2〉 and not meeting V ∩ V ′. Now 〈L1 ∪ L2 ∪ L′′1 〉 has dimension
4, so L′′1 ∪ L2 is obtained by elementary G-biliaisons from V . In the same way, V ′ is
obtained by elementary G-biliaisons from L′′1 ∪ L′2. We consider a new line L′′2 joining
〈L′′1 ∪L2〉 and 〈L′′1 ∪L′2〉 and not intersecting L′′1 ∪L2 ∪L′2. Thus, L′′1 ∪L′2 is obtained by
elementary G-biliaisons from L′′1 ∪ L2 as above. So, V ′ is obtained by a ?nite number
of elementary G-biliaisons from V .
Now we are ready to prove the main result of this paper (which gives a negative
answer to Question 2):
Theorem 2.4. We consider in PN two rational normal curves Di and Dj of degrees i
and j such that 16 i6 j, i+ j=N − 1 and 〈Di〉 ∩ 〈Dj〉= ∅. Let Cij =Di ∪Dj ⊂ PN
be the disjoint union of the two rational curves. Then
(a) For any two pairs of integers (i; j), (l; k) as above, Cij and Clk are in the same
even G-liaison class L and both belong to L0.
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(b) For any two pairs of integers (i; j), (l; k) as above, Cij and Clk have the
same Hilbert function but if (i; j) = (l; k), there does not exist an irreducible family
containing Cij and Clk , i.e., Cij and Clk belong to di@erent irreducible components of
the corresponding Hilbert scheme H= HilbP
N
N−1;0.
Proof. (a) Notice that since 〈Di〉∩〈Dj〉=∅, and Di, Dj are rational normal curves, we
can construct, geometrically (see [8]), a rational normal scroll surface S=S(i; j) ⊂ PN
of degree i + j containing Cij = Di ∪ Dj. We do the same with Clk : we construct a
rational normal scroll surface S ′=S(l; k) ⊂ PN containing Clk=Dl∪Dk . The de?ciency
modules of Cij and Clk are the same (see [3, Lemma 2.2]):
M 1(Cij)t ∼= M 1(Clk)t ∼=
{
K if t = 0;
0 if t = 0:
Hence, Cij and Clk are arithmetically Buchsbaum curves with isomorphic de?ciency
module. We are going to prove now that Cij and Clk are in the same even G-liaison
class L. Indeed, Cij ⊂ S is linearly equivalent to 2H−(N−1)F , so for m0 we have
an eIective divisor X linearly equivalent to mH −KS containing a divisor in the linear
system 2H−(N−1)F . Since X is an arithmetically Gorenstein scheme (see [12, Lemma
5.4]), X G-links Cij to a divisor D linearly equivalent to mH − KS − 2H + (N − 1)F
in S. Since |mH − KS − 2H + (N − 1)F | = |mH + 2F |, using Corollary 5.14 from
[12] we have that D is evenly G-linked to the union of two skew lines Y (which is
linearly equivalent to 2F on S). Summing up, we have that Cij is oddly G-linked to
the disjoint union of two skew lines Y. The same argument proves that Clk ⊂ S ′ is
oddly G-linked to the disjoint union of two skew lines Z . Since by Proposition 2.3 Y
and Z are evenly G-linked, we have that Cij and Clk belong to the same even G-liaison
class L.
We are going to check now that Cij and Clk are minimal elements in this even
G-liaison class L. It is known that any arithmetically Buchsbaum curve X ⊂ PN
cannot have de?ciency module diIerent from zero in negative degrees. Indeed, let H
be a general hyperplane in PN (not containing any component of X ) and consider the
following exact sequence:
0→ JX (t)→ JX (t + 1)→ JX∩H;H (t + 1)→ 0
and the one induced by cohomology:
0→ H 0(PN ;JX (t))→ H 0(PN ;JX (t + 1))→ H 0(H;JX∩H;H (t + 1))
→ M 1(X )t 
1
t (L)→ M 1(X )t+1 → : : : :
Since for any t ¡ 0 we have H 0(H; IX∩H;H (t+1))=0, the map M 1(X )t
1t (L)→ M 1(X )t+1
is injective. If X is arithmetically Buchsbaum this is the zero map, so M 1(X )t =0 for
t ¡ 0. This means that Cij and Clk are minimal curves in its even liaison class L.
(b) It is easy to see that the Hilbert functions of Cij and Clk coincide and are
H (t) =
{
1 if t = 0;
(N − 1)t + 2 if t¿ 1:
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Notice that, by semicontinuity, Cij corresponds to a general point [Cij] in the corre-
sponding irreducible component of H. Since the degrees of connected components are
preserved under specialization unless the two components collapse (this can be seen
projecting from a Gag), the curve Cij cannot specialize to Clk if (i; j) = (l; k). Thus,
we have proved that there does not exist an irreducible family containing both Cij and
Clk if (i; j) = (l; k).
Example 2.5. Let C22 ⊂ P5 be the disjoint union of two plane conics D2, E2 such
that 〈D2〉 ∩ 〈E2〉= ∅. Let C13 =D1 ∪D3 ⊂ P5 be the disjoint union of a line D1 and a
twisted cubic D3 such that 〈D1〉 ∩ 〈D3〉= ∅. Then by Theorem 2.4 C22 and C13 belong
to the same even G-liaison class L, both are minimal elements in L, they have the
same Hilbert function but there does not exist an irreducible family containing both
C22 and C13.
References
[1] E. Ballico, G. Bolondi, J. Migliore, The Lazarsfeld–Rao problem for liaison classes of two-codimensional
subschemes of Pn, Amer. J. Math. 113 (1991) 117–128.
[2] G. Bolondi, J. Migliore, The structure of an even liaison class, Trans. Amer. Math. Soc. 316 (1989)
1–37.
[3] M. Casanellas, Characterization of non-connected Buchsbaum curves in Pn, Le Matematiche LIV (1999)
187–195.
[4] M. Casanellas, Teoria de liaison en codimensi-o arbitrRaria, Ph.D. Thesis, Universitat de Barcelona, 2001.
[5] M. Casanellas, Gorenstein liaison and special linear con?gurations, Illinois J. Math. 46 (2002) 129–143.
[6] M. Casanellas, Gorenstein liaison of divisors on standard determinantal schemes and on rational normal
scrolls, J. Pure Appl. Algebra 164 (2001) 325–343.
[7] M. Casanellas, R.M. Mir-o-Roig, Gorenstein liaison of curves in P4, J. Algebra 230 (2000) 656–664.
[8] J. Harris, A bound on the geometric genus of projective varieties, Ann. Scuola Norm. Sup. Pisa 4 (8)
(1981) 35–68.
[9] R. Hartshorne, Generalized divisiors on Gorenstein schemes, K-Theory 8 (1994) 287–339.
[10] R. Hartshorne, Experiments with Gorenstein liaison, 2001, preprint.
[11] R. Hartshorne, Some examples of Gorenstein liaison in codimension three, Collect. Math. 53 (2002)
21–48.
[12] J. Kleppe, J. Migliore, R.M. Mir-o-Roig, U. Nagel, C. Peterson, Gorenstein liaison, complete intersection
liaison invariants and unobstructedness, Mem. Amer. Math. Soc. 732 (2001).
[13] J. Lesperance, Gorenstein liaison of degenerate Buchsbaum curves in P4, 2001, preprint.
[14] J. Lesperance, Gorenstein liaison of some curves in P4, Collect. Math. 52 (2001) 219–230.
[15] M. Martin-Deschamps, D. Perrin, Sur la classi?cation des courbes gauches, Ast-erisque 184 (1990).
[16] J. Migliore, Introduction to Liaison Theory and De?ciency Modules, Progress in Mathematics, Vol. 165,
BirkhUauser, Basel, 1998.
